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Abstract - The solidification of a flowing liquid at the heat conducting wall of a channel or a tube is 
investigated. The initial temperature of the wall is below the solidification temperature of the liquid, whereas 
the temperature of the liquid at the channel entrance is higher than the solidification temperature. While 
penetrating into the channel, the liquid is cooled due to heat transfer from the liquid to the solidified layer. On 
the other hand, the temperature of the channel rises due to heat transfer from the solidified layer to the 
channel wall. Both effects are taken into account in the analysis. If the wall temperature increases to values 

above the solidification temperature of the liquid, the solidified layer eventually disappears locally. 

NOMENCLATURE 

area of channel cross section ; 
thermal diffusivity ; 

channel width; 
specific heat capacity; 

global and local time, respectively; 

dimensionless parameter, cf. equation (25); 
dimensionless parameter, cf. equation (14); 

perimeter of channel cross section (heat 

longitudinal coordinate in the channel (arc 
length) ; 

conducting part only) ; 

dimensionless parameter, cf. equation (26); 
Nusselt number ; 

channel volume ; 

heat flux density ; 
temperature; 

volume flow rate of liquid ; 
flow velocity of liquid; 
coordinate normal to wall; 
dimensionless parameter, cf. equation (28). 

Greek symbols 

A, dimensionless thickness of solidified layer, cf. 
equation (11) ; 

6, thickness of solidified layer ; 
6 penetration depth; 

i, dimensionless length coordinate ; cf. (11) ; 
0, dimensionless temperature difference, cf. 

equation (11) ; 
3 3 heat conductivity ; 

P, density; 

z, r’, dimensionless global and local time, 
respectively ; cf. (11) and (19). 

Subscripts 

L, liquid material ; 
0, initial or entrance conditions; 

5, solid material; also : state of solidification ; 
W, wall; 

V, 
*, 

free surface of rising liquid; 
reference quantities. 

1. INTRODUCTION 

IN CASTING technology the following problem arises. A 
liquid penetrates into the channel of a mould. The 
mould is initially at a temperature below the solidifi- 
cation temperature of the liquid. At the cold wall the 
liquid solidifies. The solidified layer not only threatens 
to block the channel flow but may also be the reason 
for undesirable forces in the mould due to thermal 
stresses. 

Problems of that kind have already been the subject 
of many investigations. A general introduction into 
the field of solidification is given in [l], and a 
collection of more recent papers is given in [2] and [3]. 

More specifically, Beaubouef and Chapman [4] 
analysed the freezing of a solid phase from a fluid 
flowing past a cold surface. The wall temperature was 
assumed to be constant, and the surface convective 
heat flux was prescribed. K. Stephan and his co- 
workers [5-71 extended the problem considerably by 
considering the flow in a tube and taking the ambient 
heat transfer into account. 

Blockade due to solidification in the flow of a 
saturated liquid through channels and into cavities 
was investigated by J. Madejski [8]. Three flow 
conditions were considered in [8], namely that of 
constant velocity, and those of constant pressure drop 
in laminar and turbulent flow, respectively. The penet- 
ration of a liquid at its solidification temperature into a 
tube that is maintained at a constant temperature 
below the solidification temperature was also studied 
by Epstein, Yim and Cheung [9]. They obtained an 
approximate solution by postulating a reasonable 
functional form for the instantaneous shape of the 
solidified layer. In a later paper [lo], Epstein and 
Hauser checked the assumption on the layer shape by 
a numerical solution of the full integrodifferential 
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equation governing the liquid motion. In this context it 
might be of interest to note that an exact analytical 
solution for the shape of a two-dimensional solidified 
layer on a constant-temperature plate of finite width 

was obtained by Siegel [l l] with the help of conformal 
mapping methods. 

Liquid solidification in the laminar entrance flow of 
a circular tube with uniform wall temperature was 

considered by Hwang and Sheu [12]. Uniform wall 
temperature was also assumed in the investigations on 
steady-state freezing in turbulent flow inside tubes [ 13, 

141 as well as in a recent study on transient freezing 

WI. 
In this paper the problem of solidification of a liquid 

at the wall of a channel or a tube is, in accordance with 
the requirements of some applications, stated some- 

what differently. When the liquid enters the channel, 

the temperature of the liquid is higher than the 
solidification temperature. While penetrating into the 

channel, the liquid is cooled due to heat transfer from 

the liquid to the solidified layer. On the other hand, the 
temperature of the channel, being initially at a value 
below the solidification point of the liquid, rises due to 
heat transfer from the solidified layer to the channel 
wall. Both effects strongly influence the shape and the 
thickness of the solidified layer. If it happens that the 
wall temperature increases during the process to 

values above the solidification temperature of the 
liquid, the solidified layer eventually even disappears 
locally. 

2. TEMPERATURE CHANGE IN THE 
RISING LIQUID 

Consider a liquid (heat conductivity n,) rising in a 
channel (width b) bounded by a heat conducting wall 
(heat conductivity n,) on one side and an adiabatic 

wall (or an axis of symmetry) on the other side (Fig. 1 
and Fig. 2, upper part). Let the initial temperature of 
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FE. 1. Rising liquid and solidified layer in a channel with the 
temperature of one wall being below the solidification 

temperature. 
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FIG. 2. Solidification with constant heat flux from the liquid. 

the heat-conducting wall, T,,, i.e. the temperature of 
the wall before the surface of the rising liquid arrived at 
the point under consideration, be smaller than the 
solidification temperature T, of the liquid, but the bulk 

temperature of the flowing liquid, TL, larger than TY. 

A layer of solidified material (heat conductivity &) is 
formed at the conducting wall such that the tempera- 
ture at the boundary between the solid and the liquid is 
equal to the constant value T, (Fig. 2, lower part). The 
solidified layer is assumed to be very thin in com- 
parison with the channel width b. 

If the flow at the mould entrance (cf. Fig. 1) is at a 
steady state, i.e. the volume flow rate P and the 
entrance temperature of the liquid T,,, are independent 

of time, and if, furthermore, the heat-conducting wall is 
totally covered by the thin solidified layer with con- 
stant surface temperature 7;, then the bulk tempera- 
ture of the liquid, TL, as well as the heat flux from the 

liquid to the solidified layer are independent of time, 
too, and depend only on the local position (given by 

the path length 1, cf. Fig. 1). 
The heat flux density from the liquid to the solidified 

layer can be expressed in terms of the Nusselt number 
Nu according to the relation 

yL = NuR,,(T, - T..)/2b. (1) 

Thus the energy balance for the liquid yields 

where pr. and cL are, respectively, the density and the 
specific heat conductivity of the liquid, and CJ is the 
perimeter of the heat-conducting wall in a horizontal 
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cross-section at the position 1. In general, U as well as b According to the definition of time t’, the initial 
and Nu will depend on 1. conditions at any level of the channel are 

The solution of the differential equation (2) subject 
to the boundary condition TL = TLo at 1 = 0 is 

6 = 0, E = 0 at t’ = 0. (7) 

Combining the equations (1) and (4)-(6), integrating 
once with respect to time, and eliminating E, we obtain 
the following system of equations : 

0 = 1 + K(l + 5’/A) 

s = exp[ - $jbydi]. (3) 

Here, the thermal diffusivity of the liquid, aL = A,/ 
pLcL, has been introduced. 

3. THE LOCAL SOLlDIFICATlON PROCESS 

The thickness of the solidified layer, 6, as well as the 
wall surface temperature Tw change with time. In order 
to simplify the problem we consider the case that not 
only the solidified layer thickness but also the penet- 
ration depth with respect to the temperature distur- 
bances in the wall is very small in comparison with the 
channel width b. Thus the theory of one-dimensional 
heat conduction can be applied [16]. We further- 
more assume that the internal energy change of the 
solidified material is negligible. This assumption is 
justified if cs(T, - Tw) << rs, where cs is the specific 
heat capacity of the solid material, and rs is the specific 
melting enthalpy. It follows that the temperature 
distribution in the solidified layer is a linear one (cf. 
Fig. 2). 

An integral method is applied to the unsteady heat 
conduction process in the wall by integrating the heat 
conduction equation with respect to the space coor- 
dinate x and approximating the temperature distri- 
bution by the parabolic profile 

T- T,,, = (1 - X/E)’ (T, - T,,) for 0 5 x 5 E, 

and 

T-Two=0 forx>E. 

Obviously, E characterises the penetration depth with 
respect to the temperature disturbances. 

By this procedure we obtain the following set of 
equations which represent, in this order, the con- 
servation of energy in the wall, at the interface between 
wall and solidified layer, and at the interface between 
solidified layer and liquid: 

PW&, [&(Tw - Tdl 
= 63.,(T, - TWO)/& (4) 

&(T, - Tw)/6 = 2R,(T, - T,+& (5) 

MT, - Tw)/~ = qL + w,g. (6) 

t’ is the time passed since the free surface of the liquid 
arrived at the point under consideration, and cw is the 
specific heat capacity of the wall material, pw and ps 
are the densities of the wall and the solidified material, 
respectively, and rs is the melting enthalpy per unit 
mass of the solidified material. The other symbols have 
already been introduced above. 

x (1 - [l + 2/K(l + r’/A)]“‘} (8) 

d(A’) - = 2(0 - A) 
d7’ 

A=0 atr’=O 

where the dimensionless variables 

(10) 

0= 
T’ - Tw ~, A=;, 7’=; 

Ts - Two 
(11) 

have been introduced with the reference quantities 

(12) 

(13) 

2b Rs T, - Two 
6*=NuFyTy 

‘L L S 

’ &PSrSG- TWO) 

nt(TL - T# 

and the dimensionless parameter 

K= 
3&hrs 

4Rw~wcw(Ts - Two) 
(14) 

An asymptotic expansion of equations (8) and (9) for 
small times yields 

0 = &, = 1 + K[l - (1 + 2/K)“‘] 

(15) 
A = (2e,7’)1’2 as 7’ + 0 +. 

This result is of a more general importance in the 
limiting case of fluid temperature being equal to the 
solidification temperature. Since t* + cc as TL -_) T,, 

equation (15) already provides the solution in this 
limiting case for all finite times t’. Therefore, if TL = T,, 
the wall temperature Tw remains constant for all 
positive, finite times, whereas the thickness of the 
solidified layer increases proportional to the square- 
root of time. 

The system of equations @-(lo) has been solved 
numerically by a Runge-Kutta method. Results are 
given in Figs. 3 and 4. Of particular interest is the time- 
dependence of the thickness of the solidified layer at a 
given position (given value of /), cf. Fig. 3. After a rather 
fast increase from zero to a maximum value, the layer 
thickness decreases, and eventually the solidified layer 
vanishes. This is due to the fact that the wall tempera- 
ture increases with time as a consequence of the heat 
flux towards the wall and, after a certain time, its value 
becomes equal to the solidification temperature T,; cf. 
Fig. 4. 

4. ANALYTICAL SOLUTION FOR K --t m 

Let us recall now that our investigation is based on 
the assumption that the solidified layer is very thin in 
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FIG. 3. Dimensionless thickness of the solidified layer as a function of the dimensionless local time. 
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FIG. 4. Dimensionless wall temperature as a function of the dimensionless local time. 
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comparison with the channel width b. The reference 

value of the layer thickness 6* is given by equation 

(12). Since the heat conductivities of the solid and the 
liquid material are certainly of the same order of 
magnitude, and since we can furthermore assume that 
in most cases of practical interest the Nusselt number 
will be of order 1, the ratio 6*/b will be of the order of 
( Ts - T,,,)/( TL - T,). This ratio is usually also of order 

1 or even larger. 
If all the assumptions mentioned above are satisfied 

it follows that 6* is of the order of b, or even larger. 
Furthermore the solutions given in Fig. 3 show that 

the dimensionless layer thickness A = 6/6* = O(1) if 
K = 0( 1). But A + 0 as K 4 Lxc, and it is therefore this 
limiting case which is of interest in many applications. 

Expanding the system of equations (8)-( 10) in terms 
of K-’ we can solve the differential equation for the 
first-order terms and obtain the following solution for 
K + x and 0 5 K7’ 5 1: 

KA = (K7’)‘12 - Kr’ 

(16) 

Kt? = )[l - (Kt’)““]. 

This solution is also shown in Figs. 3 and 4. Note that 

A = O(K-‘) and 0 = O(K-‘). 

5. RELATIONS BETWEEN LOCAL TIME t’ 
AND GLOBAL TIME I 

Wall temperature and thickness of the solidified 
layer depend on position (coordinate 1) and time. At a 
given position, the time-dependence of wall tempera- 

ture and layer thickness is given by the solution (16) in 
terms of?, which is a dimensionless ‘local’ time defined 

such that 7’ = 0 (and t’ = 0) when the free surface of the 
rising liquid arrives at the point with coordinate 1. 
Hence the origin of the local time variable 7’ (and t’) 
depends on the position of the point under 
consideration. 

Since it is desirable to know the spatial distribution 

of wall temperature and layer thickness at one and the 

same moment of time, we shall introduce a ‘global’ 

time t such that t = 0 when the free surface is at I = 0 

(i.e. when the liquid enters the mould; cf. Fig. 1). 
If p is the constant volume flow rate, and V(1) is the 

volume of the channel of length 1 (Fig. l), then local 
time and global time are related to each other by the 
equation 

t - t’ = V(/)/i/ (17) 

Furthermore, since t’ = 0 at the liquid free surface 
which is located at I = Iv (Fig. l), the global time c can 
be expressed in terms of the volume occupied by the 
liquid : 

t = V(/,)/l? (18) 

The dimensionless local time 7’ has been defined by 
referring t’ to the reference time t* which, according to 
equation (13), depends on the local quantities b, Nu, 
and IT;.. Therefore t* is not suited to be a reference time 

for the global time, and we rather introduce a dimen- 

sionless global time 7 as follows: 

7 = t/to* (19) 

with 

where the subscript 0 at the quantities b, Nu, and T,. 

refers to the mould entrance conditions (I = 0). 
In terms of dimensionless times, equation (17) 

becomes 

bNuo(T,o - T,) 
’ - 1 2 V(I) 

b,Nu(T, - Ts) _ 
7’=7. 

vt; 
(21) 

This is the desired relation between the dimensionless 
local and global times. 

6. RESULTS FOR A VERTICAL. 

CYLINDRICAL CHANNEL 

Consider a vertical, cylindrical channel of constant 

width b (Fig. 5). Apart from obvious smoothness 

requirements, the cross-section may be of an arbitrary 
(simply or doubly connected) shape. Since perimeter 

U, cross-section area A, flow velocity I’ = v/A, and 
Nusselt number Nu are independent of the length 

coordinate (height) 1, the following expression for the 
local temperature distribution in the liquid is obtained 

from equation (3) : 

$$ = cxp(-G$ (22) 

In order to obtain the thickness of the solidified 

layer as a function of local position and time, we have 
to express the dimensionless local time 7’ in terms of 

given quantities. With V/p= l/r and K = t,it;F = Iv/&j, 

we obtain from equation (21) 

(23) 

Introducing equations (22) and (23) into equation (16), 

rewriting A = 6/6* with 6* given by equation (12), and 

using the expression (14) for K, we finally obtain for 

FIG. 5. Vertical, cylindrical channel. 
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the ratio of solidified layer thickness 6 and channel 
width b the following equation : 

Dg zr (iv - [)‘2 _ (i” _ <)e- y (24) 

Here D and N are dimensionless parameters given by 

D = 3Nuj.,psrs(T,, - q) 

~&PWCW(~ - %,)2 ’ 
(25) 

N= 
81,p,cW(Ts - TW0)2 Uh 

3Nu&,~,c,(7b, - r,)2 .4 
(26) 

Furthermore, [ is a dimensionless length coordinate 
defined by 

< = Zllh (27) 

with 

Nu 
Z=- 

T,,, - 7; 2 1 

!- 4 T, - T,, l>b’ 
(28) 

and cV, the c-value at the free surface of the liquid, 

represents a dimensionless global time according to 
the relation 

iv = Zl,/b = Zvtlb. (29) 

Note that for a thin channel, Ub/A can be replaced by 
1. In this case no geometrical quantities appear in the 

parameter N. 

Using equation (24), the distribution of the thick- 
ness of the solidified layer has been calculated for N 
= 0.5. The results are given in Fig. 6. 

Remarkably, the solidified layer profile is qualit- 
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FIG. 6. Dimensionless thickness of the solidified layer as a 
function of the dimensionless length-coordinate, with the 

dimensionless global time as parameter. 

atively different at different times. For rather small 
dimensionless times the layer thickness increases mo- 

notonically from zero at the free surface to the value at 

the entrance cross section of the channel ; cf. the curve 

for iv = 0.2 in Fig. 6. For intermediate dimensionless 

times the layer thickness has a maximum value 
somewhere in the channel but is still non-zero at the 

entrance cross-section ; cf. the curves for iv = 0.4~-0.8. 
At time iv = 1 the solidified layer vanishes at the 

entrance cross-section, and for even larger times part 
of the heat-conducting wall is wetted with the liquid 

without a solidified layer in between. This is due to the 
fact that the wall temperature increases above the 
solidification temperature. Since the calculation of the 
temperature of the liquid is based on the assumption 
that the wall is totally covered by a solidified layer, cf. 
Section 2, the solution is, strictly speaking, not valid 
any more if co > 1. However, it can be used as an 
approximate solution provided that the uncovered 

part of the wall is very small in comparison with the 
total length of the liquid-filled channel. 

Acknowledgements -- This work was supported by GRAVI- 
CAST Patentverwertungsgesellschaft m.b.H., Vienna, Aus- 
tria. The author is grateful to Mr G. Anestis for carrying out 
the numerical calculations. 

REFERENCES 

1. B. Chalmers, Principles ofSolid$cafion. John Wiley, New 
York (1964). 

2. J. R. Ockendon and W. R. Hodgkins (eds.), Moving 
Boundary Problems in Heat Flow and Difusion. Claren- 
don Press, Oxford (1975). 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

D. G. Wilson, A. D. Solomon and P. T. Boggs (eds.), 
Mooing Boundary Problems. Academic Press, New York 
(1978). 
R. T. Beaubouefand A. J. Chapman, Freezing of fluids in 
forced flow, Int. J. Heat Mass Trcrnsfer 10, 1581 1587 
(1967). 
K. Stephan, Influence of heat transfer on melting and 
solidification on forced flow, Inl. J. Heur Mass Trcmsfer 
12, 199-214 (1969). 
K. Stephan and B. Holzknecht, Wiirmeleitung beim 
Erstarren geometrisch einfacher KGrper, Wiirme- und 
Stofiibertragung 7, 206207 (1974). 
K. Genthner, Das Erstarren und Schmelzen van reinen 
Stoffen und binPren Gemischen bei turbulenter 
Stramung in Rohren. Dissertation Techn. Univ. Berlin 
(1972). 
J. Madejski, Solidification in flow through channels and 
into cavities, Inf. J. Heur Mass Transfer 19, 1351-1356 
(1976). 
M. Epstein, A. Yim and F. B. Cheung, Freezing- 
controlled penetration of a saturated liquid into a cold 
tube, J. Heat Trunsfer 99, 233-238 (1977). 
M. Epstein and G. M. Hauser, Freezing of an advancing 
tube flow, J. Heat Transfer 99, 687-689 (1977). 
R. Siegel, Conformal mapping for steady two- 
dimensional solidification on a cold surface in flowing 
liquid, NASA Technical Note D-4771 (1968). 
G. J. Hwang and J. P. Sheu, Liquid solidification in 
combined hydrodynamic and thermal entrance region of 
a circular tube, Can. J. Ckm. Engng 54, 66-71 (1976). 

13. A. A. Shibani and M. N. Ozisik, Freezing of liquids in 
turbulent flow inside tubes, Can. J. Chem. Enyng 55, 
672-677 (1977). 



Transient solidification of a flowing liquid 1383 

14. A. A. Shibani and M. N. &i$k, A solution of freezing of 16. M. Epstein, The growth and decay of a frozen layer in 
liquids of low Prandtl number in turbulent flow between forced flow, Int. J. Heat Mass Transfer 19. 1281-1288 
parallel plates, J. Heat Transfer 99, 20-24 (1977). (1976). 

15. C. Cho and M. N. Gzisik, Transient freezing of liquids in 
turbulent flow inside tubes, J. Heat Transfer 101, 
465-468 (1979). 

SOLIDIFICATION TRANSITOIRE DUN LIQUIDE S’ECOULANT CONTRE 
UNE PAR01 THERMIQUEMENT CONDUCTRICE 

RCum&On etudie la solidification dun liquide en ecoulement contre la paroi dun canal ou dun tube. La 
temperature initiale de la paroi est inferieure a la temperature de solidification du liquide, tandis que la 
temperature du liquide a l’entree est superieure a cette dernibe. En penetrant dans le canal, le liquide est 
refroidi du fait du transfert de chaleur entre le liquide et la couche solidiliee. D’autre part, la temperature du 
canal s’eltve du fait du transfert de chaleur de la couche solide a la paroi du canal. Les deux effets sont pris en 
compte dans I’analyse. Si la temperature de la paroi s’eleve a des valeurs superieures a la temperature de 

solidification du liquide, la couche solidifiee disparait Cventuellement localement. 

INSTATIONARES ERSTARREN EINER STRGMENDEN FLUSSIGKEIT 
AN EINER WARMELEITENDEN WAND 

Zusammenfassung - Das Erstarren einer stromenden Fltissigkeit an einer warmeleitenden Wand eines 
Kanals oder eines Rohrs wird untersucht. Die Anfangstemperatur der Wand liegt unterhalb der 
Erstarrungstemperatur der Fliissigkeit, wahrend die Fliissigkeitstemperatur am Kanaleinlag hoher als die 
Erstarrungstemperatur ist. Als Folge des Warmeiibergangs von der Fliissigkeit aufdie erstarrte Schicht wird 
die Fliissigkeit wahrend des Eindringens in den Kanal abgektihlt. Andererseits steigt die Temperatur des 
Kanals zufolge des Wlrmeubergangs von der erstarrten Schicht aufdie Kanalwand. Beide Effekte werden in 
der Rechnung beriicksichtigt. Wenn die Wandtemperatur auf Werte oberhalb der Erstarrungstemperatur 

der Fliissigkeit ansteigt, verschwindet die erstarrte Schicht schheBlich ortlich. 

HECTAHHOHAPHbIfi flPOqECC SATBEPAEBAHMX JKKMAKOCTkI fIPW TE9EHMM 
BAOJIb TEfUlOflPOBO~HO~ CTEHKM 

AuBorauHn ~ Mccnenyercn 3araepnesanse 8ml~0c~n npw re~enmi Bnonb rennonpoeonnofi crenioi 
xanana mm rpy6br. HaqanbHaa rebmeparypa creBxB mime, a rebmeparypa xoinxocrri ria 6xone 
B xanan Bbtme rehmeparypbt ee sareepnesaaua. B xanane xoinxocrb oxna2cnaercn 38 cqer nepenoca 
TenJla K YaTBepneBammeMy CJIOH). B TO Xe BpeMB CTeHKa KaHaJta HarIXBaeTCx 3a C9eT nOTOK? TenJ&& 
OT 3aTBepAeBmerO CJiOX. HpB aHaJtB3c yYBTbIBaK)TCR o6a 3+$w?KTa. nPIi aOCTBXeHAR CTeHKOc 
TeMnepaTypbr, npesbnnatomeii rebmeparypy 3arBepneeamin xorn~ocrn, 3arBepneBmeil cnoii co 

BpebreneM noxanbrfo ucICqe3aer. 


